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Interaction of photons with plasmas and liquid
metals —–photoabsorption and scattering——
Junzo Chihara†
Advanced Photon Research Center, JAERI, Kizu, Kyoto, Japan 619-0215
Abstract. Formulas to describe the photoabsorption and the photon scattering by a
plasma or a liquid metal are derived in a unified manner with each other. It is shown
how the nuclear motion, the free-electron motion and the core-electron behaviour in
each ion in the system determine the structure of photoabsorption and scattering in an
electron-ion mixture. The absorption cross section in the dipole approximation consists
of three terms which represent the absorption caused by the nuclear motion, the
absorption owing to the free-electron motion producing optical conductivity or inverse
Bremsstrahlung, and the absorption ascribed to the core-electron behaviour in each ion
with the Doppler correction. Also, the photon scattering formula provides an analysis
method for experiments observing the ion-ion dynamical structure factor (DSF), the
electron-electron DSF giving plasma oscillations, and the core-electron DSF yielding
the X-ray Raman (Compton) scattering with a clear definition of the background
scattering for each experiment, in a unified manner. A formula for anomalous X-ray
scattering is also derived for a liquid metal. At the same time, Thomson scattering in
plasma physics is discussed from this general point of view.
PACS numbers: 52.25.Nr, 52.25.Rv, 78.70.Ck, 78.70.Dm, 78.20.Bk
1. Introduction
For an isolated atom or the free electron system without taking account of the existence
of bound electrons, the theory of photoabsorption and scattering provides a simple
formula, as is written in the standard books [1]. However, in a real system such as
a plasma and a liquid metal, photons are interacting with the free electrons and the
bound electrons in the system: we must treat the free elections and the bound electrons
on the equal footing to investigate interactions of photons with matter. In some works
[2]-[4] to treat plasmas, the absorption cross section σ(ω) is separated into three parts:
σbb(ω), the absorption owing to the bound-bound transitions in the ion, σbf(ω) caused
by the transitions from the bound to free state, and σff(ω) from the free-free transitions,
in the formula
σ(ω) =
4πω
c
ℑmα(ω) (1)
= σbb(ω) + σbf(ω) + σff(ω) (2)
† E-mail; chihara@cracker.tokai.jaeri.go.jp
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with use of the atomic polarisability α(ω). The situation is not so simple as will be
shown in this paper; photons interact with the nuclear motion through the carried
bound electrons and the screening electrons, in addition to the ‘free’ electrons and the
bound electrons in the system in a coupled manner. Here, it should be mentioned that
the free-free absorption can not be described by the same atomic polarisability α(ω) to
give σbb(ω) and σbf(ω), as is shown in this paper. This example shows some confusions
in treating the photon interactions with plasmas. It is the purpose of this paper to
clarify the mechanism of photon interactions with plasmas and liquid metals.
On the other hand, the photon-scattering experiments by matter are focused on the
observation of either the nuclear motion, the free-electron motion or the core-electron
behaviour in the ion by choosing the transferred momentum q and energy ω suitable
to the phenomena. Therefore, when the scattering by one of these motions is observed,
the other motions yield the background scattering; there are many kinds of scattering
named Raman, Rayleigh, Compton and Thomson combined sometimes with the term
‘elastic’ and/or ‘inelastic’, for example, in a confused way. In this paper, we present
the scattering formula of photons by plasmas and liquid metals in a unified manner to
observe the nuclear motion, the free-electron motion and the core-electron behaviour
in the ion; this formula can clarify the relation between the observing scattering and
the background scattering for each experiment, and gives the analysis method for each
experiment.
The theory of photoabsorption in atomic systems is based on first-order time-
dependent perturbation; the transition probability that the absorption of a photon (the
wavevector q and frequency ω with its polarisation eqλ) accompanied by a transition
from a state a to a state b of the absorbing system provides the absorption cross section
[5] in the form:
σa(qλ, ω) =
4π2
~cω
( e
m
)2 1
N
∑
a
pa
∑
b
∣∣∣∣∣<b|
ZAN∑
j=1
eqλpje
iqrj |a>
∣∣∣∣∣
2
δ
(
Ea−Eb
~
+ω
)
. (3)
Here, a proper statistical averaging pa over the initial states of the absorber has been
performed; Ea is an eigenstate of the absorber (the nucleus-electron mixture). This
expression can be rewritten by following the manner of van Hove to derive the neutron
scattering formula [6] in another form:
σa(qλ, ω) =
4π2e2
~cω
1
2πN
∫ ∞
−∞
ei(qr−ωt)a(r, t)drdt =
4π2e2
~cω
a(q, w) (4)
with
a(r, t) ≡ eqλ ·
∫
dr′〈j(r′, 0)j(r+ r′, t)〉 · eqλ , (5)
in terms of the current-operator of all electrons in the system consisting of N atoms
with the atomic number ZA
j(r, t) ≡
ZAN∑
i=1
δ(r− ri(t))pi(t)
m
. (6)
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This means that the absorption cross section can be determined by the current-current
correlation:
µjj(q, ω) =
1
N
∫
ei(qr−ωt)〈j(r′, 0)j(r+ r′, t)〉dr′dt (7)
=
1
N
∫ ∞
−∞
〈j∗q(0)jq(t)〉e−iωtdt (8)
with
jq ≡
∑
j
pj(t)
m
exp[−iqrj(t)] . (9)
Therefore, the absorption cross section in the dipole approximation is obtained by taking
the limit,
lim
q→0
2πa(q, ω) = µLjj(0, ω) ≡ µtotq=0(ω) , (10)
where a(q, ω) reduces to the longitudinal current-current correlation µLjj(0, ω), since the
transverse current-current correlation µTjj (0, ω) becomes identical with the longitudinal
current-current correlation in this limit for the isotropic system.
On the other hand when an incident photon with k0, e0, ω0 is scattered by a plasma
to a state k1, e1, ω1, the differential scattering cross section is described in terms of the
dynamical structure factor (DSF) Stotee (q, ω) of all electrons involved in the plasma as
free- and bound-electrons [5, 7] in the form:
d2σ
dΩdω
=
(
dσ
dΩ
)
Th
k1
k0
Stotee (q, ω) (11)
with the Thomson cross section:(
dσ
dΩ
)
Th
≡
(
e2
mc2
)2
(e0 · e1)2 . (12)
Here, the total DSF is defined by
Stotee (q, ω) ≡
1
2πN
∫
ei(qr−ωt)Gtotee (r, t)drdt , (13)
in terms of the time-dependent density-density correlation function:
Gtotee (r, t) ≡
∫
dr′〈ρe(r′, 0)ρe(r+ r′, t)〉 (14)
with
ρe(r, t) ≡
ZAN∑
j=1
δ(r− rj(t)) . (15)
The above expressions for the absorption cross section (4) and the scattering cross
section (11) are written for all electrons, which are contained as the bound electrons
or the free electrons coupled with N nuclei with the atomic number ZA in the system.
These expressions are only formal, and do not give any information about the mechanism
of the photoabsorption and scattering in a real system. Under the assumption that a
plasma or a liquid metal clearly consists of ions with the charge ZI and free electrons, we
give the physical structure to the absorption cross section from (4) in Sec. 2, and to the
scattering cross section from (11) in Sec. 3. The last section is devoted to conclusion.
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2. Photoabsorption
We can obtain the absorption cross section in the dipole approximation (10) from
the dynamical structure factor Stotee (q, ω) of the total electrons by noting the following
relation[8, 9]:
µtotq (ω) ≡
1
N
∫ ∞
−∞
〈j∗q(0)jq(t)〉Le−iωtdt
= 2π
ω2
q2
Stotee (q, ω) , (16)
where the total electrons are all electrons contained in the system as the core electrons
around each nucleus and the the free electrons. From the definition of the DSF
Stotee (q, ω) ≡
1
2πN
∫ ∞
−∞
Itot(q, t)eiωtdt , (17)
in terms of the intermediate scattering function:
Itot(q, t) ≡ 〈ρe(q, t)ρ∗e(q, 0)〉 , (18)
we can determine the total DSF by the total electron density ρe(q, t) from I
tot(q, t).
Here, note that the total electron density can be split into the core-electron part ρc(q, t)
and the free-electron part ρf(q, t):
ρe(q, t) ≡
ZAN∑
k=1
exp[iq · rk(t)] (19)
= ρc(q, t) + ρf(q, t) . (20)
Furthermore, the core electrons are considered to be distributed among nuclei with
positions Rα:
ρc(q, t) ≡
N∑
α=1
ZB∑
j=1
exp[iq · rjα(t)] =
N∑
α=1
ZB∑
j=1
exp[iq · (r′jα(t) +Rα(t))] (21)
=
N∑
α=1
(
ZB∑
j=1
exp[iq · r′jα(t)]
)
exp[iq ·Rα(t)] , (22)
which can be approximated by using the form factor fI(q) of the ZB core-electrons as
follows
ρc(q, t) ≃
〈
ZB∑
j=1
exp[iq · r′j0(t)]
〉
N∑
α=1
exp[iq ·Rα(t)] ≡ fI(q)ρI(q, t) . (23)
With use of this approximation, we obtain the intermediate scattering function
Itot(q, t) ≡ 〈[ρc(q, t) + ρf(q, t)][ρ∗c(q, 0) + ρ∗f (q, 0)]〉 (24)
= 〈ρc(q, t)ρ∗c(q, 0)〉+ 〈ρf(q, t)ρ∗c(q, 0)〉
+ 〈ρc(q, t)ρ∗f (q, 0)〉+ 〈ρf(q, t)ρ∗f (q, 0)〉 (25)
= N | fI(q) |2 FII(q, t) +N [ZBF ce(q, t)− | fI(q) |2]Fs(q, t)
+NZIFee(q, t) + 2N
√
ZIfI(q)FeI(q, t) . (26)
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In the above, several correlations among free electrons and ions are defined as follows:
FII(q, t) ≡
∑
α,β
〈exp[iq(Rα(t)−Rβ(0))]〉/N , (27)
Fs(q, t) ≡ 〈exp[iq(Rα(t)−Rα(0))]〉 , (28)
Fee(q, t) ≡ 〈ρf(q, t)ρ∗f (q, 0)〉/(ZIN) , (29)
FeI(q, t) ≡ 〈ρI(q, t)ρ∗f (q, 0)〉/(
√
ZIN) , (30)
and the form factor in (23) is defined for the core electrons in the ion in a plasma by
fI(q) ≡ 〈ρB(q, t)〉 (31)
with the bound electrons density around α-nucleus
ρB(q, t) ≡
ZB∑
j=1
exp[iq · r′jα(t)] =
ZB∑
j=1
exp[iq · r′j0(t)] . (32)
which becomes identical with the bound-electron density of any nucleus (α = 0). Also,
the electron-electron correlation between the core electrons in the ion is defined by
ZBF
ce(q, t) ≡ 〈ρB(q, t)ρ∗B(q, 0)〉 . (33)
From equation (26), we can represent the total electron DSF in terms of the ion-ion
DSF SII(q, ω), the electron-ion DSF SeI(q, ω) and the electron-electron DSF See(q, ω) in
the form:
Stotee (q, ω) ≡
1
2πN
∫ ∞
−∞
Itot(q, t)eiωtdt
= | fI(q) |2 SII(q, ω) + 2
√
ZIfI(q)SeI(q, ω) + ZISee(q, ω)
+ ZB
∫
S˜ce(q, ω − ω′)Ss(q, ω′)dω′ . (34)
Also, the DSF between the core electrons in each ion is defined as
S˜ce(q, ω) ≡ Sce(q, ω)− | fI(q) |2 δ(ω)/ZB (35)
=
1
2πZB
∫ ∞
−∞
〈δρB(q, t)δρ∗B(q, 0)〉eiωtdt (36)
with use of the density deviation δρB(q, t) from its average 〈ρB(q, t)〉
δρB(q, t) ≡ ρB(q, t)− 〈ρB(q, t)〉 . (37)
With help of the the following relations derived in the previous work [10]
See(q, ω) =
| ρ(q) |2
ZI
SII(q, ω) + S
0
ee(q, ω) , (38)
SeI(q, ω) =
ρ(q)√
ZI
SII(q, ω) , (39)
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the DSF (34) of the total electrons is written as
Stotee (q, ω) = | fI(q)+ρ(q) |2 SII(q, ω) + ZIS0ee(q, ω)
+ ZB
∫
S˜ce(q, ω − ω′)Ss(q, ω′)dω′ . (40)
Here, ρ(q) represents the Fourier transforms of the electron cloud ρ(r) forming a neutral
pseudoatom as screening of ion
ρ(q) ≡ ne0CeI(q)χ0q/{1 + ne0βvee(q)[1−G(q)]χ0q} , (41)
which is exactly prescribed by the use of the electron-ion direct correlation function
CeI(q) and the local-field correction (LFC) G(q) [10]. Also, S
0
ee(q, ω) is the same form
to the DSF in the jellium model except the the dynamical LFC G(q, ω) should be
determined in an electron-ion mixture not in the jellium model, as is written in the
form:
S0ee(q, ω) ≡ −
1
π
1
ne0vee(q)
~β
1− exp(−β~ω)ℑm
(
1
ǫ˜(q, ω)
)
(42)
with
ǫ˜(q, ω) ≡ 1 + ne0βvee(q)
χ0q(ω)
1− ne0βvee(q)G(q, ω)χ0q(ω)
, (43)
which is also an exact (but formal) expression of the ‘free’ electron DSF. To take account
of the absorption due to the motion of nuclei, we must add the nucleus charge current
in (9) as ej = e(je−ZAJN) with jN ≡
∑
α
Pα
M
δ(r−Rα). This contribution can be taken
by calculating the following charge correlation
e2Itot+nuc(q, t) ≡ e2〈[ρe(q, t)− ZAρN(q, t)][ρ∗e(q, 0)− ZAρ∗N(q, 0)]〉 (44)
with ρN(q, t) =
∑
α exp[iqRα(t)]. Thus, we obtain the final expression to derive the
photoabsorption cross section
Itot+nucee (q, ω)/N = | fI(q)+ρ(q)−ZA |2 SII(q, ω) + ZIS0ee(q, ω)
+ ZB
∫
S˜ce(q, ω − ω′)Ss(q, ω′)dω′ , (45)
which with the aid of (16) leads finally to the expression of the absorption cross section
µtolq (ω) = | fI(q)+ρ(q)−ZA |2 µnucq (ω) + ZIµfeq (ω)
+ ZB
∫
µceq (ω − ω′)Ss(q, ω′)dω′ . (46)
The absorption cross section µceq (ω) owing to the core electrons involved the third
term in (46) provides the standard expression for the photoabsorption cross section in
terms of the dipole-dipole correlation, the atomic polarisability αˆ(ω) or the longitudinal
conductivity σˆceL (ω),
ZBe
2µce
q=0
(ω) ≡ lim
q→0
∫ ∞
−∞
〈ejce∗q (0) · ejceq (t)〉Le−iωtdt (47)
=
ω2
3
∫ ∞
−∞
〈d(0) · d(t)〉e−iωtdt (48)
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=
2~ω2
1− exp(−β~ω)ℑm αˆ
ce(ω) (49)
=
2~ω
1− exp(−β~ω)ℜe σˆ
ce
L (ω) (50)
with the definition of the atomic polarisability by the density-density response function
of the core electrons in the ion:
αˆce(ω) ≡ −e2
∫ ∫
zχce(r, r′;ω)z′drdr′ . (51)
These expressions can be obtained from (16) and the general relation [8] among
the DSF Stotee (q, ω), the density-density response function χ
tot
q [ω] and the longitudinal
conductivity σtotL [q, ω] as follows [see Appendix A]:
Stotee (q, ω) ≡
1
2πN
∫ ∞
−∞
〈ρ(q, t)ρ∗(q, 0)〉eiωtdt (52)
= − ~
1− exp(−β~ω)
1
π
ℑmχtotq [ω] (53)
=
~
1− exp(−β~ω)
q2
πω
ℜe σtotL [q, ω] . (54)
In this way, the absorption cross section (4) owing to the core electrons contained in
each ion in a plasma can be written in the dipole approximation in the several forms:
σcea (0, ω) =
4πω
c
1
1− exp(−β~ω)ℑm αˆ
ce(ω) (55a)
=
4π
c
1
1− exp(−β~ω)ℜe σˆ
ce
L (ω) (55b)
= 4π2
e2
~c
ω
1
2π
∫ 〈d(0) · d(t)〉
3e2
e−iωtdt (55c)
= 4π2
e2
~c
ω
∑
ab
pa | 〈b|zce|a〉 |2 δ(Eb − Ea
~
− ω) (55d)
with zce ≡ ∑ZBj=1 zj for incident photons polarised in z-direction. In some works [2]-[4]
treating high temperature plasmas, the factor [1 − exp(−β~ω)]−1 in (55a) is omitted;
this omission leads to the definition of the net absorption cross section [2].
In the third term, the self-part of the ionic DSF for the high-frequency region [9]:
Ss(q, ω) =
1
2π
1
vTq
exp
[
−1
2
(
ω
vTq
)2]
, (56)
gives rise to the Doppler correction to the atomic photoabsorption; when a photon with
a momentum ~q0 ≡ ~ | ω0 − ω1 | /c is absorbed associated with the transition between
two bound levels with a difference frequency | ω0 − ω1 |, the third term becomes∫
µceq0(ω − ω′)Ss(q0, ω′)dω′ ≈
∫
µceq=0(ω − ω′)
1√
πωD
exp
[
−
(
ω′
ωD
)2]
dω′ , (57)
where the Doppler width ωD is given by ωD ≡ |ω0 − ω1|
√
2vT/c with v
2
T ≡ kT/m.
Interaction of photons with plasmas 8
Since the absorption cross section µceq=0(ω) is derived for the nucleus-electron
mixture, this can be written in the form to treat the Stark effect [11]:
ZBe
2µceq=0 =
ω2
3
∫ ∞
−∞
〈d(0) · d(t)〉e−iωtdt = ω
2
3
∫
e−iωtdt
∫
dǫq(ǫ)〈d(0) · d(t)〉ǫ , (58)
using the microfield distribution q(ǫ) = 〈δ(ǫ−Ei)〉 . This expression (58) gives a formula
to treat the Stark broadening in a plasma [12].
The second term of (46) represents the absorption owning to the free electrons:
ZIe
2µfe
q=0
(ω) =
2~ωZI
1− exp(−β~ω)ℜeσˆ
fe
L (ω) , (59)
which can be approximated by the Drude model using the frequency-dependent collision
frequency ν(ω):
4πσfeL (ω) ≡ 4πZInIσˆLfe(ω) ≃ ω2p/[ν(ω)− iω] . (60)
Thus, absorption coefficient κ(ω) = 4πℜeσL(ω)/[n(ω)c] owing to the free electrons is
written as
4πℜeσfeL (ω) =


σ0
[ω/ν(0)]2 + 1
for ω . ωp(ωp
ω
)2
ν(ω) for ω ≫ ωp
(61)
with σ0 = ω
2
p/[4πν(0)] denoting the dc conductivity. The upper case of (61) provides
the optical conductivity as was observed in the case of liquid Na [13], and the lower case
yields the inverse Bremsstrahlung [14]:
k(ω) =
(ωp
ω
)2 ν(ω)
n(ω)c
=
ω2pν(ω)
cω
√
ω2 − ω2p
(62)
with the refractive index n(ω) [see Appendix A].
The first term of the absorption cross section (46) represents the absorption owing
to the nuclear motion, which becomes zero in this approximation, since fI(0) = ZB
and ρ(0) = ZI; the nucleus with the charge ZA is perfectly neutralised by the bound
electrons fI(r) and the free electron cloud ρ(r). It should be noticed that some part
ρ(q) of the free-electron contribution to the absorption is involved in the nuclear motion
due to the relation (38), which means that the electron cloud ρ(r) is attached to each
nucleus together with the bound electrons fI(r), and the other part contributes to the
free-electron absorption as is given by (59).
3. Photon scattering
As we have proven in the previous section, the photon scattering can be described by
the DSF Stotee (q, ω) of all electrons in the system:
I(q, ω)/N = Stotee (q, ω)
= | fI(q)+ρ(q) |2 SII(q, ω) + ZIS0ee(q, ω)
+ ZB
∫
S˜ce(q, ω − ω′)Ss(q, ω′)dω′ . (63)
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This expression contains three dynamic structure factors: the ion-ion DSF SII(q, ω),
which is observed usually by the thermal neutron scattering experiment, the core-
electron DSF S˜ce(q, ω) defined by (36) and the ‘free’ electron DSF S0ee(q, ω) defined
by (42).
For the purpose of presenting the inelastic X-ray scattering for an incident photon
with energy ~ω0 ≫ I (the ionisation energy), equation (63) is rewritten in the form to
focus on SII(q, ω)
I(q, ω)/N = | fI(q)+ρ(q) |2 SII(q, ω) + ZIS0ee(q, ω) + ZBSIinc(q, ω) (64)
with
ZBS
I
inc(q, ω) ≡ ZB
∫
S˜ce(q, ω − ω′)Ss(q, ω′)dω′ ≃ ZBS˜ce(q, 0) . (65)
On the basis of this equation, the dynamic structure factors SII(q, ω) in liquid metals are
observed by Sinn et al [15] by means of inelastic X-ray scattering. In this experiment,
the second and third terms are regarded as yielding the incoherent scattering from the
free and bound electrons.
The X-ray diffraction from a liquid metal or a plasma is described by the static
structure factor Stotee (q):
Stotee (q) =
∫
Stotee (q, ω)dω
= | fI(q) + ρ(q) |2 SII(q) + ZIS0ee(q) + ZBSIinc(q) , (66)
which is an extention of the usual formula of X-ray diffraction [16] to the case of
the metallic system [10]. Here, ZBS
I
inc(q) denotes the incoherent Compton scattering
produced by the bound electrons:
ZBS
I
inc(q) = ZBS˜
ce(q) ≡ 〈δρB(q)δρ∗B(q)〉 (67)
≡ ZBSce(q)− |fI(q)|2 ≈ ZB −
∑
jk
|fjk(q)|2 , (68)
which can be evaluated approximately by the formula given by James [16] in terms of
flm(q) ≡ 〈l| exp[iqr]|m〉, and S0ee(q) is the ‘free’ electron structure factor. For a liquid
metal or a plasma, the incoherent Compton scattering ZAS
A
inc(q) in the system consisting
of neutral atoms is replaced by
ZAS
A
inc(q) ≈ ZA −
∑
jk
|fjk(q)|2 (69)
⇒ ZBSIinc(q) + ZIS0ee(q) , (70)
in conjunction with the replacement of the atomic form factor fA(q) ⇒ fI(q) + ρ(q).
Since fA(q) ≃ fI(q) + ρ(q) [17, 18], the X-ray diffraction experiment on a liquid metal
can be analysed by using the atomic form factor fA(q) as if it is a non-metallic system.
Moreover, on the basis of (66) Nardi [19] has proposed to use X-ray scattering for a
diagnostic of dense strongly coupled plasmas; the possibility of obtaining information
on the electron-ion temperature relaxation time as well as a temperature diagnostic is
shown in addition to an equation of state diagnostic.
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The ‘free’ electron DSF S0ee(q, ω) in (63) becomes the electron DSF S
jell
ee (q, ω) in the
jellium model if the dynamical LFC G(q, ω) in (42) is approximated by the dynamical
LFC Gjell(q, ω) of the jellium model. In this sense, the inelastic X-ray scattering
experiments [20, 21, 22] for ω ∼ ωp provide the DSF of the electron gas in a metal.
However, it should be remembered that S0ee(q, ω) is only a part of the electron DSF given
by (38). For large energy transfer ω ≫ ωp, this term produces Compton scattering due
to the free electrons [23]
Inelastic X-ray scattering by the core electrons in the ion [24, 25, 26] are described
by the core-electron DSF S˜ce(q, ω) involved in (63). This inelastic X-ray scattering
is discriminated between Raman and Compton scattering according to the incoming
photon energy compared with the ionisation energy. It should be noticed that the Raman
scattering cross section is closely related to the photoabsorption cross section, since the
DSF S˜ce(q, ω) has the relation to the longitudinal current-current correlation µceq (ω)
giving the absorption cross section as (16) shows. In the inelastic X-ray experiments,
where the transfer energy ω is chosen to be suitable for the determination of S˜ce(q, ω)
or S0ee(q, ω) in (63), the first term of (63) provides elastic scattering named Rayleigh
scattering [27], since the ion-ion DSF can be treated as SII(q, ω) ∼ SII(q)δ(ω) for this
ω-range.
Note that the inelastic scattering formula (63) of X-ray is only applicable to
the non-resonant case (ω0 ≫ I) where the incident X-ray energy ω0 is far from the
ionisation energy I. When we treat anomalous X-ray scattering (ω0 . I) or light (and
electromagnetic wave) scattering to observe the ion-ion DSF SII(q, ω), we must take into
accout the second-order contribution of the p ·A term to scattering in addition to the
A2 term, which alters the first term in (63) representing the scattering from the nuclear
motion as
Inuc(q, ω)/N ≡| fI(q)+ρ(q)− m
e2
ω20αˆ
ce(ω0)− ZB |2 SII(q, ω) . (71)
Here, αˆce(ω0) denotes the atomic polarisability defined by (51) (see Appendix B). Thus,
anomalous X-ray diffraction from the metallic system is described by the formula
I(q)/N ≡| fI(q)+ρ(q)− m
e2
ω20αˆ
ce(ω0)− ZB |2 SII(q) + ZIS0(q) + ZBSIinc(q) , (72)
which reduces to the well known formula to describe anomalous X-ray scattering [16]
for non-metallic systems where ρ(q) = 0 and ZI = 0. It is important to remember that
the atomic polarisability αˆce(ω0) in (72) should be determined for an ion in the presence
of surrounding ions and electrons, instead of an isolated ion as is used in the analysis of
anomalous X-ray diffraction experiment, and that we must take account of the presence
of the Fermi surface of free electrons in the edge calculation, since an electron excited
by a photon can be moved only to the above of the Fermi surface at zero temperature.
On the other hand, in the case of light (electromagnetic wave) scattering, (72) can
be written as
Inuc(q, ω)/N =| ZI−m
e2
ω20αˆ
ce(0) |2 SII(q, ω) , (73)
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since in this case we can approximate fI(q)+ρ(q)− ZB ≃ ZI because of the wavevector
being nearly zero (q ∼ 0). This expression reduces to the usual formula [28] of optical
Raman (inelastic Rayleigh) scattering for non-metallic fluids (ZI = 0), which represents
the Rayleigh line and the Brilliouin lines as elastic and inelastic scattering, respectively
[9].
In plasma physics, it is customary to call scattering from the free electrons Thomson
scattering [29]-[33], which is described by the free electron DSF:
See(q, ω) ≡ 1
2πZIN
∫ ∞
−∞
〈ρf(q, t)ρ∗f (q, 0)〉 exp(iωt)dt . (74)
In plasma diagnostics by means of light scattering, Thomson scattering is considered
to give the ion feature in addition to the electron feature, since the bunches of electron
which are a shield on each ion reflects the ion motion, and the free-electron DSF is
divided into the electron-feature and the ion-feature parts: See(q, ω) ≡ Seee(q, ω) +
SIee(q, ω), respectively.
The free-electron DSF is determined from the fluctuation-dissipation theory as
See(q, ω) = −
∫ ∞
−∞
~β
1− exp(−β~ω)
1
π
ℑmχfeq [ω] (75)
with the use of the free-electron density response function
χfeq [ω] =
χ0eq [ω]
ǫe(q, ω)
+
ρ(q, ω)2
ZI
χIIq [ω] . (76)
Here,
ǫe(q, ω) ≡ 1 + ne0βvee(q)[1−G(q, ω)]χ0eq [ω] , (77)
ρ(q, ω) ≡ ne0CeI(q, ω)]χ0eq [ω]/ǫe(q, ω) . (78)
In the above expressions, the free-electron density response function is exactly (but
formally) represented using the dynamical electron-ion direct correlation function
CeI(q, ω), and χ
II
q [ω] is the ion-ion density response function [10]. Also, the electron
cloud ρ(q, ω) surrounding each ion is approximated by static one ρ(q) ≡ ρ(q, 0) in the
expression (76), since the electron motion is very rapid compared to the ion motion
owing to the large mass difference between them. Then, there results from (75)
See(q, ω) =
| ρ(q) |2
ZI
SII(q, ω) + S
0
ee(q, ω) , (79)
which provides the ion feature by the first term involving the ion-ion DSF SII(q, ω) and
the electron feature by the second term representing the ‘free’ electron DSF S0ee(q, ω)
in (79), which is already shown in (38) to derive the absorption cross section in the
previous section. It should be noted that this division of the free-electron density
response function into the ion and electron features as (76) is different from the usual
division [29]-[31] used for Thomson scattering in plasma physics, and is more natural
than it.
From a fundamental point of view, it is not proper to treat light scattering by
plasmas only using the free-electron DSF See(q, ω), since photons are scattered also by
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the core-electrons coupled with the nuclear motion in a partially ionized plasma. By
taking account of the core-electron contribution to light scattering, ‘Thomson’ scattering
is described by
IThomson(q, ω)/N ≡| fI(q)+ρ(q)− m
e2
ω20αˆ
ce(0)− ZB |2 SII(q, ω) + ZIS0ee(q, ω) , (80)
and the third term S˜ce(q, ω) ≃ S˜ce(q, 0) of (63) yields the background scattering for this
experiment. When the wavevector q is small and the atomic polarisability is negligible
compared with ZI, this expression reduces to
IThomson(q, ω)/N ≃ Z2I SII(q, ω) + ZIS0ee(q, ω) , (81)
which becomes identical with (79) due to ρ(0) = ZI, and makes assurance of the
conventional experimental analysis for the small q-region. In this formula, the total
scattering cross section is determined by
IThomson(q)/N = | fI(q)+ρ(q)− m
e2
ω20αˆ
ce(0)− ZB |2 SII(q) + ZIS0ee(q) (82)
≃ Z2I SII(q) + ZIS0ee(q) , (83)
from which the ion-feature and electron-feature parts at the zero wavevector are provided
in the forms: IThomsonion (0)/N =| ZI − me2ω20αˆce(0) |2 nI0κT/β (κT : the isothermal
compressibility) and IThomsonele (0)/N = 0, respectively, while the large q behaviours
are like limq→∞ I
Thomson
ion (q)/N =| ZB + me2ω20αˆce(0) |2 and limq→∞ IThomsonele (q)/N = ZI.
These results show different behaviours from the ion and electron features of the usual
definition, even in the weakly coupled classical-gas limit nI0κT/β = 1/(ZI + 1).
In addition to light scattering, it should be mentioned that inelastic X-ray scattering
may be used for plasma diagnostics on the basis of (63); the electron feature S˜ce(q, ω)
may be easily observed. On the other hand, it will be difficult to measure the ion feature
SII(q, ω), of which observation requires a high resolution experiment (∆ω ∼ 10 meV),
although the ion-ion DSF’s of liquid metals have been observed by Sinn et al [15] using
inelastic X-ray scattering.
4. Conclusion
On the basis of the dipole approximation, we have derived the photoabsorption cross
section (46) for a plasma or a liquid metal, which represents photoabsorption caused by
the nuclear motion. the free electron motion and the core-electron behaviour in the ion;
Also, each term of (46) can be described, if necessary, in any form of the dipole-dipole
correlation, the polarisability, the conductivity or oscillator strengths, as is written for
the case of the core-electron photo-absorption in (55a)-(55d). It should be noticed that
some part ρ(q) of free-electrons contributes to the photoabsorption due to the nuclear
motion as the screening charge, while the other part constitutes the so-called free-free
absorption; this absorption does not come from the atomic polarisation αce(ω) of (55a)
as was frequently recognized in the form αceff (ω).
The absorption cross section in the dipole approximation is related to the photon
scattering cross section as the relation (16) indicates. In the derivation of the absorption
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cross section, the form factor approximation (23) plays an important role to derive the
expression of the total DSF. It is important to remember that this approximation is
well established one in the X-ray diffraction experiments. Also, the ‘metallic’ form
factor fI(q) + ρ(q) should be thought as an established approximation, since the X-ray
diffraction of all liquid metals is analysed with use of the atomic form factor fA(q),
which is almost identical with the metallic form factor fI(q) + ρ(q). This experimental
fact makes assurance of the photoabsorption expression (46) through the relation (16).
On the other hand, the photon scattering formulas, (63) and (71), provide a wide
view point of photon scattering experiments; we can see the whole mechanism of photon
scattering in a single formula, which can be used to observe any motion in the system
containing the nuclear motion, the free-electron motion, or the core-electron behaviour
in the ion. Since the structure of the background scattering for each experiment is
clearly defined, a combination of several kinds of experiments provides reliable data
each other.
In usual analysis of the anomalous X-ray scattering experiment, the anomalous
scattering factor m
e2
ω20αˆ
ce(ω0)−ZB is taken from the result calculated for a neutral atom
even in a metal. It should be noted that the anomalous form factor for the metallic
system is different from the non-metallic system; fA(q) is replaced by fI(q) + ρ(q) and
the atomic polarisability αˆce(ω0) should be calculated in a metallic state taking account
of effects of the surrounding ions and electrons in addition to the presence of the Fermi
surface.
The so-called Thomson scattering in plasma physics is nothing but ‘light’ scattering
from a plasma; a light scattering formula (71) for a plasma derived in the present work
have proved that ‘Thomson’ scattering is described only by the free-electron DSF for
the small q-region. Also, we proposed a more natural division of Thomson scattering
into the ion feature and the electron feature as is given by (79).
The most fundamental assumption to derive the photoabsorption and scattering
formula is that a liquid metal or a plasma can be considered as an electron-ion mixture.
In a liquid metal, this model has no problem especially for a simple metal. On the other
hand, in a plasma the ion in this theory is only the average ion; there are many kinds
of charge states in general. Therefore, in order to compare the result of this model with
experiments, we need further refinement such as a combined use of the Saha equation
to determine the charge population [34]: this problem is remained for a future work.
Appendix A
The photoabsorption cross section owing to the core electrons in the ion can be
represented by the core-electron DSF as
µceq (ω) ≡
1
ZB
∫ ∞
−∞
〈jce∗q (0)jceq (t)〉Le−iωtdt (A.1)
= 2π
ω2
q2
Sceee(q, ω) = 2π
ω2
q2
S˜ceee(q, ω) , (A.2)
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where equation (A.2) results from the fact that Sceee(q, ω) is different from S˜
ce
ee(q, ω) only
by the term δ(ω) as is defined in (35) Therefore, the zero-q limit of the core-electron
DSF divided by q2:
S˜ce(q, ω)
q2
≡ 1
2πZB
∫ ∞
−∞
I˜ce(q, t)
q2
e−iωtdt , (A.3)
can be calculated by taking this limit of
lim
q→0
I˜ce(q, t)
q2
≡ lim
q→0
1
q2
∫ ∫
drdr′e−iqr〈δρB(r, 0)δρB(r′, t)〉eiqr′ (A.4)
=
∫ ∫
drdr′z〈δρB(r, 0)δρB(r′, t)〉z′ (A.5)
= 〈z(0)z(t)〉 = 1
3
〈r(0) · r(t)〉 , (A.6)
which gives rise to the dipole-dipole correlation
lim
q→0
e2S˜ce(q, ω)
q2
=
1
2πZB
∫ ∞
−∞
1
3
〈d(0) · d(t)〉e−iωtdt (A.7)
with
d(t) = er(t) ≡ er
∑
i∈bound
δ(r− ri(t)) . (A.8)
In a similar way, we can obtain the atomic polarisability by taking this limit
lim
q→0
e2χceq [ω]
q2
≡ lim
q→0
1
q2
∫ ∫
drdr′e−iqrχce(r, r′;ω)eiqr
′
(A.9)
=
e2
3
∫ ∫
drdr′(r · r′)χce(r, r′;ω) (A.10)
≡ − αˆce(ω) . (A.11)
Here, the density-density response function χceq [ω] is defined explicitly by
χceq [ω] ≡
1
ZB
∫ ∞
0
eiωt〈 1
i~
[ρq(t), ρ
∗
q(0)]〉dt (A.12)
=
1
ZB
∑
ba
pa | 〈b|ρ∗q|a〉 |2
{
1
ω − ωba + iη −
1
ω + ωba + iη
}
(A.13)
with ~ωba ≡ Eb − Ea.
On the other hand, equation (54) results from the relation between the conductivity
and the polarisability;
σˆL(ω) = −iωαˆ(ω) , (A.14)
which is the zero q-limit of the general relation between the longitudinal conductivity
and the density response function [8]
σˆL[q, ω] ≡ e
2
N
∫ ∞
0
β〈j∗q(0); jq(t)〉Leiωtdt = iω
e2χq[ω]
q2
. (A.15)
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The absorption coefficient k(ω) [35] is defined by the complex refractive index nˆ,
which is given by the dielectric constant ǫˆ
ǫˆ(ω) ≡ 1 + 4πσL
ω
i = 1 + 4πnIαˆ(ω) , (A.16)
in the form:
k(ω) ≡ 2ωℑm nˆ
c
=
2ωℑm ǫˆ1/2
c
. (A.17)
This definition of k(ω) provides an approximated expression for the case that ǫˆ′′ ≪ ǫˆ′ :
k(ω) ≈ ωǫˆ
′′(ω)
n(ω)c
=
4πℜeσL(ω)
n(ω)c
=
4πωnIℑmαˆ(ω)
n(ω)c
(A.18)
with the refractive index n(ω) ≈√ℜeǫˆ(ω).
Appendix B.
Interaction of electrons with the radiation field A(r) is described by the Hamiltonian
HI = H1 +H2 , (B.1)
consisting two terms: the p ·A term,
H1 = − e
2
2mc2
∑
i
piA(ri)⇒ − e
mc
∑
q
(
2π~c2
V ωq
)1/2
{P (q)aq + P †(q)a†q} , (B.2)
which is in the second quantized representation to describe the photon absorption, and
the A2 term,
H2 ≡ e
2
2mc2
∑
i
A2i (B.3)
⇒ e
2
2mc2
∑
kk′
(
2π~c2
V
√
ωkωk′
)
(ek · ek′)
[∑
j
ei(k−k
′)·rj
]
[aka
†
k′ + a
†
k′ak] , (B.4)
which generates the photon scattering, with
P (k) ≡
∑
j
(ek · pj) exp[ik · rj] . (B.5)
Since any j-bound electron can be thought to belong to some α-ion in the system, we
can represent its coordinate as rj = Rα + rjα: therefore, we can obtain an approximate
expression for (B.5) in the form:
P (k) ≈
∑
α
exp[ik ·Rα]P α(k) (B.6)
with
P α(k) ≡
∑
j
(ek · pjα) exp[ik · rjα] ≡ P 0(k) . (B.7)
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As a result of (B.6), we can define the transition matrix of each ion α from an initial
state I = ω0,k0, e0 to a final state F = ω1,k1, e1 by
F αFI(ω0, ω1) ≡ 〈Fe|Hα2 |Ie〉+
∑
N
〈Fe|Hα1 |N〉〈N |Hα1 |Ie〉
EI −EN
= ei(k0−k1)Rα
{
〈Fe|
∑
i
exp[i(k0−k1) · ri0]|Ie〉(e0 · e1)
+
∑
N
〈Fe|Hce1 |N〉〈N |Hce1 |Ie〉
EI − EN
}
. (B.8)
Therefore, the transition matrix for all ions in the system is written as
FFI(ω0, ω1; {Rα}) ≡
∑
α
F αFI(ω0, ω1)
=
[∑
α
ei(k0−k1)Rα
]{
〈Fe|
∑
i
exp[i(k0−k1) · ri0]|Ie〉(e0 · e1)
− 1
m
∑
N
[〈Fe|P 0(k0)|N〉〈N |P 0†(k1)|Ie〉
ǫN − ǫI + ~ω1
+
〈Fe|P 0†(k1)|N〉〈N |P 0(k0)|Ie〉
ǫN − iη − ǫI − ~ω0
]}
. (B.9)
Now, the second term in the large bracket can be written in the elastic approximation
[36] in the form:
1
m
∑
N
[〈Ie|P 0†(k0)|N〉〈N |P 0(k0)|Ie〉
~ω0 − ~ωN0 + iη −
〈Ie|P 0(k0)|N〉〈N |P 0†(k0)|Ie〉
~ω0 + ~ωN0
]
(B.10)
= e1 ·mχceJJ(−k0, ω0) · e0 = e1 ·mχceJJ(k0, ω0) · e0 , (B.11)
in terms of the current-current correlation function χceJJ(k0, ω0) [37] for the core electrons
in each ion (~ωN0 ≡ ǫN − ǫI). Because of the relation [37]
lim
k→0
mχceJJ(k, ω) =
[
lim
k→0
m
ω2
k2
χcek [ω]− ZB
]
1 =
[
−m
e2
ω2αˆ(ω)− ZB
]
1 , (B.12)
which shows that the current-current correlation in the zero wavevector limit can be
represented by the atomic polarisability, the transition matrix (B.9) in the dipole
approximation (B.12) can be written finally in the form:
F (ω0; {Rα}) = [fI(q)−mω20αˆ(ω0)/e2 − ZB]
[∑
α
eiqRα(t)
]
(e0 · e1) (B.13)
≡ Fion(q, ω0)ρI(q, t)(e0 · e1) (B.14)
with q = k0 − k1. This indicates that, for the resonant case, the approximation
ρc(q, t) = fI(q)ρI(q, t) of (23) should be replaced by ρc(q, t) = Fion(q, ω0)ρI(q, t) which
leads to the expression for anomalous scattering (71).
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